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Light-Induced Frederiks Transition Threshold in
Nematic Cell with an Arbitrary Inhomogeneity of
the Director anchoring Energy

MIKHAILO LEDNEI and IGOR PINKEVICH

Physics Faculty, Kyiv Taras Shevchenko University, Prospect Glushkova 6,
Kyiv 03022 Ukraine

The system of algebraic equations which allow to calculate the light induced Frederiks transi-
tion threshold in nematic cell with director inhomogeneous anchoring energy is obtained for
a general case of light field with spatially modulated intensity. It is found the analytical
expressions for threshold in the case of small deviations of anchoring energy from homoge-
neous value. At the great ones the results of numerical calculations of threshold for some
types of the anchoring energy inhomogeneity are presented. The dependence of threshold on
the spatial period of light intensity modulation as well as the anchoring energy parameters is
discussed.
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INTRODUCTION

Since the time of experimental revealing of the light induced Fred-
eriks transition (LIFT)!! the significant attention was spared to in-
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vestigation of the effects of light induced director reorientation in
nematic cells/®3. Interest to these effects and on the whole to the
physics of processes in nematic cells under the action of light fields
has grown after the revealing of essential decreasing (on two orders
of value) of LIFT threshold in nematics containing small concentra-
tion of some impurity molecules*~®. It was studied the influence
on LIFT threshold of the molecular light-induced conformational
transformations as well as the spatial period value of light inten-
sity modulation!”. The last problem arises in connection with the
possibility of recording in nematic cells of the dynamic holographic
gratings using the orientational or conformational nonlinearity!®l. De-
spite of the fact that light induced director reorientation is a bulk
effect, its main parameters such as a degree of the director reorien-
tation or the threshold value depend essentially on the interaction
of the nematic liquid crystal (NLC) with the cell surface. The in-
fluence of the cell surface can be so significant that it provokes the
spontaneous Frederiks transition(®10,

The director anchoring energy with the cell surface is one of the
most important parameters determining the conditions for director
on the cell surface. Usually it introduces as some phenomenological
quantity which at the theoretical calculations is assumed constant
(infinite or finite) on all the cell surface.

In present paper we consider the nematic cell with arbitrary de-
pendence of the director anchoring energy on the coordinate on the
cell surface. Geometry of the incident light field is supposed the same
as at the recording of the dynamical holographic gratings. In this case
the interference distribution of the light intensity with given spatial
period is created in the nematic cell bulk by two incident coherent
light waves. It is considered the dependence of LIFT threshold in
this light field on the inhomogeneous part of the nematic director
anchoring energy.
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EQUATION FOR THE DIRECTOR

Let we have the cell of homeotropically aligned NLC with an initial
(undisturbed) orientation of the director 7 along the z axis which
is bounded by the planes z = 0 and z = L. We assume that two
plane monochromatic light waves are incident on the cell making
the angle 20 between their wave vectors of value g. The waves have
equal amplitudes Ey and are polarized along the £ axis but their wave
vectors are oriented symmetrically with respect to the zz plane.

In consequence of interference in the cell bulk the electric vector
of the light wave field takes the form

B = 2 [ B exp (—iwt) + B (7) exp (iwt)],

E(i") = 2Fy cos (%Aqy) exp (igzcosf), Ag=2¢sing, (1)

that is the light intensity grating with spatial period 2r/Agq is cre-
atied in the cell bulk.

We assume now that the director anchoring energy with the cell
planes is inhomogeneous, namely, is an arbitrary function of the co-
ordinate y (of course, this function has to be smooth enough to use
the continual theory of the NLC alignment). One can present it in

the following form
W(y) =W +aly), (2

where the constant W > 0 and W(y) > 0 as well.

The surface free energy Fs is taken in the form of Rapini
potential'!l but generalized on the considered case of the inhomoge-
neous anchoring energy:

Fs =3 [ W)y ds, &

where € is a unit vector along the director easy orientation axis (the
2z axis).

Minimizing the nematic cell free energy in the electric field (1)
in the one constant approximation we obtain the equation for the
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director angle ¢(y, 2) with the z axis and the boundary conditions.
To obtain the threshold value of the light wave electric field it is
sufficient to keep in the variational equation only the terms linear in
¢(y, z). Then one can get the differential equation and the boundary
conditions for the director angle ¢(y, 2) in the next form:

i"P(y7 z) = 01
2 62 62 Eq€1 2 2 1 (4)
L=3¢* 52" gme g 0 S (8m).
Op
(k%% 0w +atie) <o )
2=0,L

Here K is the Frank constant, £, = £j—¢1, €|, €, are the main val-
ues of dielectric susceptibility tensor. Below we consider the solution
of the problem (4), (5).

EQUATIONS FOR THRESHOLD

The solution of the equation (4) one can seek in the form of super-
position of the operator L eigenfunctions. Sobving the equation for
eigenfunctions ﬁ@,,(y, z) = ud,(y, z) by the method of separation of
variables we get

Bu(y, 2) = ; @, (y, 2), (6)

where
®}(y, 2) = (Axcos Az + By sin Az) x

o (7
x )'_jo[C,‘:f * cos(mAgy) + DEP* sin(mAgy)).
m=l

Here &(y, z) is a partial solution of the equation L®, = p®, which
corresponds to the fixed value of the separation parameter A: Ay, B)
are the arbitrary constants which depend on the value X; C&, D
are the constants in the Mathieu functions. One can demand the
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linear combination of the functions (7) corresponding to the different
eigenvalue g, namely,

¥y, z) = Y_ BA(y, 2) = (Axcos Az + By sin Az)x
u

) 8
x Y_[C) cos(mAqgy) + D;, sin(mAgy)], ®

m=0

where C) = Y. C4+| D) = ¥ D& to satisfy the boundary condi-
B 7
tions (5). As a result one can get the following system of the homoge-

neous algebraic equations for the unknown quantities fl;‘n = A\C),
B = B\C), CA = A\D), D), = B\D):

_AsinAL- A2 + (2,\ cos AL + . sin ,\L) B+

K
+-}{—Za,°f“f3," sin AL + %lzas,:,b,* sin AL = 0,
{=0 =0
. % w =
—~AsinAL - Ca + (2A cos AL + % sin AL) D)+
loolc~A- loou')\'
+'}?E°‘ml31 sin AL + '}?Zo‘mlDl sinAL = 0, (9)
=0 =0
w

- ~ 1 & - 1 & ~
ZA AB + =Y a5 A+ =Y a6 = 0,
K'm KE; mi KZ(; i

Wen abh+ LS o+ =3 088 = 0
. .
K" " Kl=0 " Kl=0

Where

T
1 1
o =% (1 -3 m,O) 4 a(y) cos(mAgy) cos(lAqy) dy

and a2, aff, aky can be obtained replacing in agf; respectively cos
by sin, 2T is a spatial period of the problem. The condition of non-
trivial solution of the system of homogeneous equations (9) gives us
the equation for the quantity A. For convenience of the subsequent
references we designate this equation as
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The solutions of equation (10) we denote by ), where the integer
n numbers the solutions. Now the general solution of equation (4)
which satisfies the boundary conditions (5) takes the form:

ely,z) = 2‘1"\(9» z) = EZ‘I’;)(?J» z) =
X X

o oo (11)
= £ £ (O cos(mAgy) + D3 sin(mAqy)|Za(2),

where
Zn(2z) = Ap o8 Apz + By sin A z. (12)

On substitution of the series (11) into the equation (4) and the
subsequent using of the orthogonality of the functions Z,(z) on the
interval [0, L] at the different values of n (as the solutions of the
Shtourm’s problem) as well as the orthogonality of the functions
cos(mAgy), sin(mAgy) we obtain two separate infinite systems of
the homogeneous algebraic equations for the coefficients C? and D?,,
respectively:

a,C3 —p"CT =0, (ap —4)C7 —p°(2C} + C3) =10,

(13)
(a3 — 4m*)Cp, — p°(Cp_y + Ciyy) = 0, m>2

(a) —4)D} - p°D} =0, 16
14

(a5 — 4m*)Dy, — p°(Dp,_y + D yy) =0, m>2

where
o_ €L FE} 0 o 2A2

= — —r———— = —2 .

P'= Tongy K(AgE ™ [‘“ By (18

One can show the series (11) converges with respect to m abso-
lutely and uniformly. For this reason we can take into account in
the sum over m of the expression (11) only the finite number of
terms with any desirable accuracy. It leads to the finite number of
the equations (8), (13), (14) and thus the considered problem is get-
ting technically solveable. Now the conditions of nontrivial solution
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of the finite systems of equations (13}, (14) give us two independent
equations to determine the threshold value of the light wave electric
field. Further, for example, we restrict our consideration only to the
terms in the series (11) with m < 2.

SMALL AMPLITUDES OF THE ANCHORING ENERGY

Denote by ); and A} the leasts among the solutions of equation (10)
for the cases |a(y)| < W and a(y) = 0, respectively.

Then, one can restrict oneself at the consideration only to the
terms linear in A\, = A; — A}. As a result, from the conditions of
nontrivial solution of the systems of equations (13), (14) we can find
the next analytical expressions for the threshold value of light wave
electric vector:

AN 5 ( A

13 Aq)’], if AgL>2r.  (16)

Eon = V2 E' [1+

AN A .
Eon = E' [1 + )\01 +0. 59()‘(?) ] , if A< 2m.  (17)
1/2
Here E' = A} 2—;@& is the threshold value of electric vector at
o€ L

Aq =0, a(y) = 0 that is at the constant value of both the intensity
of light field and anchoring energy.

To obtain the expression for A); it is necessary to specify the
function af(y). Let suppose the function a(y) to be even. Then the
solution (10) contains only the terms with cos(mAqy), so D} =0
and in the system of equations (9) we must put equal to zero C)\, D))
and a2, o, aff. In this case the next expression for A); follows
from the equatxon (10) :

2

— 2 (0ff? — offas; (18)

AM = w2 12 Z

i=0 j=0

Here we neglected small terms which are cubic in a(y).
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In particular, for a(y) = acos(qy) one can get trom (18)

2

9 « 3 o
——— ifg=A d Ah=—c-—r0
6rwk "7 29 A4 AMETEWEK
where the linear in a terms are absent because for the given function
2
a(y) Eo of =0.
In the case of the odd function a(y) the expression (18) for A\,
preserves its form but it is necessary to replace af by aff. For an

arbitrary function a(y) (but |a(y)] < W) the expression for A, is
similar but much more cumbersome and we do not adduce it here.

AXy = , if ¢ = 2Aq,

GREAT AMPLITUDES OF THE ANCHORING ENERGY

To find Egy, in the general case when |a(y)| is of the same order
of value as W it is necessary to solve numerically the equation (10)
together with the equations (16), (17). Let us consider for example

two special cases of the function
a(y).

a) a(y) = acos(kAgy + 7),
WL/K = 10. The results of cal-
culation of Ep;, versus light in-
tensity spatial period are shown
in Figure 1 for a = 0.4W, 0.8W
and k = 1, 2. Here it is shown for

04 T M I % comparison the curves Eom(Aq)
LAg at the infinite anchoring energy

(notation W = oo) and « = 0

FIGURE 1. (notation o = 0). It is necessary

o = acos(kAgy + v), @ =
0.(4yv)v -1, 0.8V€’ _ g’yk :71) _golig tonote that the phase difference

line, k = 2 ~ dashed line; E, is
the threshold value at W = oo,
Ag=0.

7 between the waves of modu-
lation of light intensity and an-
choring energy does not influen-



Downloaded by [University of California, San Diego] at 23:12 15 August 2012

LIGHT-INDUCED FREDERIKS TRANSITION... [3015]/227

ce the threshold value. But the last depends essentially on the ratio
k between the values of the spatial periods of these waves as well as
the amplitude o of the anchoring energy modulation. In particular,
the threshold takes the minimum values (at the fixed value of a) if
the spatial periods of modulation waves of the anchoring energy and
light intensity are the same (k = 1) (see Figure 1). At the values
k > 2 the threshold increases with increasing k¥ and approaches (due
to the averaging of the function a(y) on the spatial period 2w/Aq
of the light intensity) to its value at a(y) = 0. The threshold value
versus LAg for k = 2 is shown in Figure 1.

If ¥ = 1/n, where integer n > 2, the period of the anchoring
energy modulation contains two or more spatial periods of the light
intensity. In this case the threshold does not depend on the amplitude
a and coinsides with its value at o = 0.

b) Let the a(y) takes the form as in Figure 2. Here 27 is a period
of the anchoring energy modulation, p- 2Ty = s- 2m/Agq, where s,p
are the integers which have no common multipliers.

Egversus h/T) is shown in Figure

o(y) \ 3 for a = 0.4W, WL/K = 10 at the
o L different values of s and p. As one
could wait, the threshold value Fy,

0+ . 1 . .
— 9T, Y ;r}llcrea;s;es v:;th mcr?asmg‘ :)lf h, s;lnce
FIGURE 2. e cell surface region with anchor-

ing energy W + o increases. But it

is more interesting the increase of Ey,, with growth of p at the fixed
values of s and h (see Figure 3a). As p increases the distribution of
the anchoring energy inhomogeneity on the problem period (or on the
longitudinal dimension of nematic cell) becomes more uniform. Note
that the threshold value leaves unchanged (at change of p) at some
values of h/T. At these h/T; the summary length of the regions with
the anchoring energy W +a equals the whole number of light intensity
spatial periods so all possible values of light intensity correspond to
the anchoring energy W + a and the variation of p does not change
this correspondence.
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In Figure 3b Ey, versus h/T; is shown for different values of s at
p = 1. One can see the increase of Egp with s (the number of light
intensity spatial periods which is placed on the problem period). In
this case the increase of Eyy, is connected with the growth of degree
of light intensity averaging on the problem period. At some h/T; (see
arguments above) the Fy,;, does not change its value.

0,78 078

0.76 0,764
~ 8 O,MJ w g 074
w
§ &
o 0,724 ~ 0,72+
0,704 0,704
068 - — T 068 y T T
00 05 10 15 20 00 05 10 15 20
hiT, h/T,
FIGURE 3.

a) s = 1 — dashed line, p=1,2,3; s =3 — solid line, p = 1,2, 4.
b)p=1,5=2,4,6.

In the real conditions one can wait the periods 27/Aq and 2T
to be incommensurable. In our model it means that numbers p and
s approach infinity. As s increases the number of knot points (see
Figure 3b) on the curve Ep(h) increases as well. At that time the
parts of the curve Egy(h) between the knot points approach the
straight lines as p increases. So the Ey(h) takes the form of the
enveloped curve El, (k). Besides, evidently (see Figure 3b) that at
s > 1 the dependence of Ey, on p becomes less important. Therefore
at p > 1 Eyn does not depend practically on p. It means that the
distribution of the anchoring energy value W + « on the longitudinal
dimension of nematic cell does not influence the Eg,y, if the summary
length of the (W + «) region preserves. Then one can determine the
effective value of h/(2T}) necessary to calculate the Egy, as hp/ Ly,
were hp is the summary length of the (W + a) regions, L is the
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length of nematic cell. At last it is necessary to note that the curve
EZS (h) is close to the straight line. It can be usefull for estimation
of Egy at different values of h.

CONCLUSIONS

The obtained system of algebraic equations allows to find the light in-
duced Frederiks transition threshold in nematic cell with the director
inhomogeneous anchoring energy. At small amplitudes of the anchor-
ing energy the analytical expressions for threshold are obtained. At
great anchoring energy amplitudes the numerical solution of equa-
tions is necessary. In this case the dependence of the threshold on
the parameters of the anchoring energy and light field is illustrated
for some types of the anchoring energy inhomogeneity.
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